A duality among scalar fields is revealed. If two fields are dual to each other, the solutions of their field equations are related by a duality transform. That is, once the solution of a field equation is known, the solution of the dual field can be obtained by the duality transform. A scalar field has a series of dual fields, forming a duality family. Once the solution of a field in the duality family is solved, the solutions of all other fields in the family are given by the duality transform. That is, a series of exactly solvable model can be constructed from one exactly solvable model. The dual field of the sine-Gordon field, the sinh-Gordon field, the power-introduction field, etc., are considered as examples.
Introduction
The scalar field with the self-interaction potential V (φ) determined by the field equation
is an important field theory model, e.g., the φ n -field and the sine-Gordon field. The field equation (1.1) is often a nonlinear equation. The solutions of such field equations, e.g., the soliton solution, are important in studying the nonperturbation aspect of fields.
In the present paper, we show that there is a duality among scalar fields. The solutions of two dual fields are related by a duality transform. Once a field equation is solved, the solution of its dual field is given immediately by the dual transform.
A scalar field of the potential V (φ) has a series of dual fields. All fields that are dual to each other form a duality family. So long as the solution of a field in the duality family is obtained, all other fields in the duality family are obtained.
In this paper, we find a general result on the duality of scalar fields. Some examples, e.g., the sine-Gordon field, are considered.
Various dualities reveal underlying connections among different physical problems. The gauge/gravity duality is a profound relation [1] [2] [3] and has been applied in many physical problems [4] [5] [6] [7] [8] [9] [10] [11] . The fluid/gravity duality is a duality between spacetime manifolds and fluids [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . The gravoelectric duality is useful to seek the solution of the Einstein equation [25] [26] [27] [28] [29] . The strong-weak duality bridges a strongly coupled theory to an equivalent weak coupling theory: the duality between fermions and strongly-interacting bosonic Chern-Simons-matter theories [30] , the electric-magnetic duality [31] [32] [33] , the duality in the couple of gauge field to gravity [34] , the duality in higher spin gauge fields [35] , the duality in quantum many-body systems [36] , the duality in string theory [37] [38] [39] [40] . In condensed matter physics, there are also dualities are found, such as the duality between the Ising and the Heisenberg models and the gauge theory [41] .
In section 2, we give a general result of the duality of scalar fields. In section 3, we show that the duality relation can serve as a method of solving field equations. In section 4, we discuss the dual field of the sine-Gordon field, the sinh-Gordon field, etc., as examples.
The duality
Two scalar fields φ (x) and ϕ (y), determined by the scalar field equations
respectively, if the potentials V (φ) and U (ϕ) are related by
6)
the fields φ (x) and ϕ (y) are related by the duality transform:
7)
x µ ↔ 2 2 − σ y µ , µ = 0, 1, . . . .
(2.8)
Here the constant σ( = 2) can be chosen arbitrarily.
Since different choices of the constant σ gives different dual fields, a field can have infinite number of dual fields. All the fields who are dual to each other form a duality family.
Proof. The duality transforms (2.7) and (2.8) give the following transforms:
Substituting the transform (2.9) into the field equation (2.1) and using Eq. (2.5) and the dual relations (2.7) and (2.8), we arrive at the field equation of ϕ:
The duality relation (2.3) is an explicit expression of the potential of the dual field. Given a potential V (φ), the duality relation (2.3) gives the potential of the dual field directly:
It can be seen from the field equation (2.2) that the function G (y) which is only a function of y does not influence the field equation, i.e., ∂G (y) /∂ϕ = 0, so G (y) can be chosen arbitrarily. Different choices of G (y) also give different dual potentials.
Solving field equations by the duality
In the above, we show that if two fields satisfy the dual relation (2.3), the solutions of the two field equations (2.1) and (2.2) are related by the duality transforms (2.7) and (2.8) . This provides an approach for solving field equations from the solution of its dual field by the duality transform. It can be checked that the field equation (2.1) has an implicit solution:
Substituting the duality transforms (2.7) and (2.8) into the solution (3.1),
we arrive at an implicit solution of a field equation with the potential 
The field equation (4.1) has the following solution [42] :
where µ, ν, and θ are constants. For the potential (4.2), by Eq. (2.5) and the solution (4.3), we have
The dual potential of the potential (4.2), by the dual relations (2.3) and (4.4), reads 
(4.6)
By the duality transforms (2.7) and (2.8), we arrive at the dual field equation, 
(4.8) Note that different solutions lead to different G and then leads to different coefficients in the dual potential.
The sine-Gordon equation
The field equation 
The potential is
The solution of the sine-Gordon equation by Eq. (4.3) is
For the sine-Gordon field, by Eq. (4.4) , we have
The dual potential of the sine-Gordon potential then is
(4.13)
The dual equation is
The solution of the dual field equation (4.14) is
The sinh-Gordon equation
The field equation (4.1) recovers the sinh-Gordon equation when a = b = − 1 2 and β = 1:
The solution of the sinh-Gordon equation by Eq. (4.3) is
For the sinh-Gordon field, by Eq. (4.4) , we have
The dual potential of the sinh-Gordon potential then is
.
(4.20)
(4.21)
The solution of the dual field equation (4.21) is ϕ (τ, y) = 4 arctanh exp i 1
Consider the scalar field equation
It can be checked that the field equation (5.1) has the following solution:
where µ, ν, and θ are constants. For the field φ with the potential (5.2), we have
The dual potential then by Eq. (2.3) is
Here we choose G = 0. As mentioned above, different choices of the constant σ in Eq. (5.5) gives different dual potentials. By the duality transforms (2.7) and (2.8), the dual field equation is 
(5.7)
Power interactions
A field has infinite number of dual fields, so does the field with power potentials. The dual field of a scalar field with a power interaction V (φ) = λφ a is, general speaking, no longer a power interaction. Nevertheless, if requiring that the dual field of a scalar field with a power interaction is still a scalar field with a power interaction, we arrive at the following conclusion.
The dual field of the scalar field with the power potential
by Eq. (2.3) , is given by
If the interaction of a dual field is still a power interaction, i.e., so that the potential of the dual field is still a power potential, we arrive at
It can be seen that though a power-potential field can have infinite number of dual fields, it has only one power-potential dual field.
Conclusion and outlooks
In the present paper, we reveal a duality of scalar fields. The solutions of two dual fields can be transformed to each other by the duality relation. This enables us to make the duality as a method of solving scalar field equations. The duality of the sine-Gordon field, the sinh-Gordon field, the power-interaction field, etc., are taken as examples.
A field have infinite number of dual fields. All dual fields forms a duality family. In a duality family, as long as one field is solved, all other fields in the family can be obtained by performing the duality relation. In the future work, we will give a general discussion on the property of the duality family.
The duality relation bridges the solutions of the dual field equations. The duality relation, of course, also relates various qualities of fields, such as heat kernels, effective actions, vacuum energies, spectral counting functions, etc. From the duality of the solution of field equations, in virtue of the relation between spectral functions [43] [44] [45] , we can give the duality of various qualities of fields.
